Floquet topological insulators are noninteracting quantum systems that, when driven by a timeperiodic field, are described by effective Hamiltonians whose bands carry nontrivial topological invariants. A longstanding question concerns the possibility of selectively populating one of these effective bands, thereby maximizing the system's resemblance to a static topological insulator. We study such Floquet systems coupled to a zero-temperature thermal reservoir that provides dissipation. We find that the resulting electronic steady states are generically characterized by a finite density of excitations above the effective ground state, even when the driving has a small amplitude and/or large frequency. We discuss the role of reservoir engineering in mitigating this problem.
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In recent years, the possibility of engineering topological states of matter in otherwise trivial materials has motivated significant interest in electronic systems driven periodically in time. The prescription for a particular target topological state is obtained using Floquet theory, [1, 2] which describes a periodically-driven quantum system with Hamiltonian H(t) = H(t + τ ) in terms of a time-independent Hamiltonian H eff . In particular, Floquet's theorem states that any solution of the time-dependent Schrödinger equation H(t) |ψ j (t) = i ∂ t |ψ j (t) admits the decomposition |ψ j (t) = e −i j t |u j (t) ,
where the state |u j (t) = |u j (t + τ ) is periodic in time with the same period as H(t). The quasi-energies j can be thought of as the energy spectrum of an effective Hamiltonian H eff defined by evaluating the evolution operator U (t 2 , t 1 ) at an integer multiple of the period τ , i.e. U (nτ, 0) =: exp(−i H eff nτ ). Floquet's theorem guarantees the existence of a time-periodic unitary operator P (t) that maps the time-dependent Hamiltonian onto H eff [3] [4] [5] :
If the single-particle Hamiltonian H eff and its associated eigenstates |u j (nτ ) define a model with nontrivial Berry curvature, then it is possible for the quasienergy "bands" to possess nonzero Chern numbers, defined by analogy with static Hamiltonians. [6, 7] Despite the formal similarity to undriven systems, there are several fundamental differences between a Floquet effective Hamiltonian H eff and a static Hamiltonian. First, there is an ambiguity in the definition of H eff above: the quasienergies j are only defined modulo multiples of the driving frequency ω = 2π/τ . In other words, the definition of H eff is invariant under the gauge transformation j → j + n j ω and |u j (t) → e inj ωt |u j (t) , for any set of integers {n j }. This makes an a priori definition of a "lowest" quasienergy impossible, since one can always fold and/or reorder (c.f. Fig. 1 ) the spectrum by means of such a gauge transformation. [8] This obstruction to defining a unique Floquet ground state highlights a second important contrast with static systems, namely the fact that there is no universal principle determining the occupations of quasienergy states at zero temperature. Indeed, this signature of the inherently out-of-equilibrium nature of periodicallydriven systems poses a challenge to theoretical proposals of Floquet topological states -even if a Floquet system has topological quasienergy bands, there is no guarantee that the long-time state of the system is a pure Floquet state with the desired features. [9] [10] [11] For open systems in contact with a thermal reservoir, as is the case in solid-state realizations, the detailed properties of the reservoir and its coupling to the system play crucial roles in determining the nonequilibrium steady state of the system at long times. [8, [12] [13] [14] In this Letter, we investigate the occupations of topological Floquet bands in a noninteracting fermionic system coupled to a thermal reservoir at zero temperature. to feature a single fully populated Floquet band when the original undriven system is half-filled. Using a Floquet master equation approach, we examine as a function of the driving amplitude and frequency the rate to escape a given Floquet state. We find that generic systems undergo heating that spoils the complete occupation of a single band, even in the favorable limit of weak, off-resonant driving. In the best-case scenario, the excitation density falls off as a power law in 1/ω, with the non-universal decay exponent set by the lowenergy behavior of the bath density of states. We close by suggesting bath engineering schemes that could further suppress excitations. While our motivation derives from the pursuit of topological phases in driven systems, we point out that our results hold equally well in "trivial" Floquet band insulators.
To begin, let us define the class of models that we consider. We take the combined Hamiltonian for the system and the reservoir to be
The Hamiltonian H S (t) describes the periodicallydriven system, which we take for simplicity to be a two-band model of noninteracting fermions. (Generalizing our results to models with more than two bands is straightforward.) We will focus on the case of monochromatic driving, so that
where λ is the driving amplitude and φ is an arbitrary phase. The quasienergy bands of the driven system, denoted by j (k) (j = 1, 2), are assumed to be gapped (i.e. nondegenerate for all k) and to host nontrivial topological invariants. Following Refs. 8 and 12, we assume a system-bath coupling of the factorized form
where γ is a real coupling constant [assumed to be smaller than any energy scale in H S (t)], and where S and B are Hermitian operators acting solely on the degrees of freedom of the system and the bath, respectively. [15] System-bath couplings of this form are ubiquitous in the study of open quantum systems, e.g. in spin-boson-type models. [16] We also take the operator S to conserve both momentum and particle number, so that each k mode is effectively coupled to its own bath, and so hereafter we suppress the momentum index k. Finally, H B describes the bosonic bath, with energy eigenstates |ν and eigenvalues E ν , which we take to be in equilibrium at zero temperature for all time.
The description of the long-time behavior of the driven-dissipative system in Eqs. (4) is governed by the steady-state solution to the equation of motion for the reduced density matrix ρ ij (t) := u i (t)| ρ(t) |u j (t) as t → ∞. The derivation of this Floquet master equation proceeds, via the Born-Markov approximation, in a standard fashion (see, e.g. [12] ). If the Floquet spectrum is nondegenerate, as we assume, then ρ ij (t) is diagonal at long times. [12, 17] The steady-state occupation probabilities p j := ρ jj (t → ∞), where p 1 + p 2 = 1, then satisfy the rate equation
The transition rates are defined as
The influence of the bath is contained in the function g(E), essentially a weighted density of states, which is defined at zero temperature to be
We have set the bath ground-state energy E 0 = 0, so that E ν>0 is strictly positive. For this reason, g(E > 0) vanishes identically at zero temperature, a fact that will be of crucial importance below. In our analysis, it will be instructive to model g(E) as a power law at low energies compared to a very large cutoff scale [16] :
The real exponent 0 < η < ∞ classifies the type of bath; if η = 1, the bath is referred to as ohmic, while η > 1 and η < 1 are referred to as super-ohmic and sub-ohmic, respectively. It is interesting to note that the rates entering equation (5) are invariant under gauge transformations of the form (3). While these gauge transformations change the ordering of the quasienergies, they nevertheless do not change the occupations of the Floquet states themselves. However, as we will see later on, an appropriately engineered reservoir is capable of determining an unambiguous ordering of the quasienergies and a choice of an effective "Floquet ground state."
We now turn to an analysis of the transition rates (6a) that will allow us to determine the extent to which a single Floquet state can be populated at zero temperature, given that the system is coupled to a bath. For this analysis, it will be convenient to choose a gauge in which the ordering of the quasienergies is determined by the ordering of the energies of the undriven Hamiltonian H 0 , in such a way that the separation ∆ := 2 − 1 is positive. This gauge can be understood by building up the Floquet states perturbatively in λ from the eigenbasis of H 0 . [2] To do this, we make use of the Fourier decomposition of the time-periodic Floquet states,
and observe that, to zeroth order in this gauge, |u
which follows within perturbation theory to |m|-th order in λ.
[18] Henceforth, we will take λ/ω to be small either on account of a small λ or a large ω. In the Supplemental Material, we examine the case where λ/ω is not small, which is much less favorable for Floquet topological states. Factoring out the λ/ω scaling from the states |u m i , we find that one can rewrite the matrix elements in Eq. (6b) in the following form:
where s m ij (λ/ω) are regular functions containing the terms in the series that depend weakly on λ/ω or lead to a decay of S ij (m) faster than (λ/ω) |m| as λ/ω → 0. With all this in mind, we now analyze the quantity
which is proportional to the density of excitations above the "lowest" quasienergy state in this gauge ( 1 ). If only m = 0 above contributes, the excitation density vanishes and the lower band is completely filled at long times, as it would be at equilibrium, owing to the fact that the argument of g(E) in the numerator is positive. While model systems that reach such an effective equilibrium steady state have been studied [19] [20] [21] [22] [23] , it is well-known that these steady states do not occur for generic choices of H SB and g(E). We ask, instead, whether there are any more general mechanisms or limits that suppress p 2 /p 1 . The analysis is simplified if we assume that λ/ω is sufficiently small that we can keep only the lowest nontrivial value of |m| in the sums above. We will focus on the case ω > ∆, since the opposite case would likely not yield a topological band structure. For ω > ∆, then only the terms with m < 0 (m ≤ 0) contribute to the numerator (denominator) of Eq. (11) . In this case, we find that suppression of p 2 /p 1 is possible in the limit ω ∆, which yields [c.f. Eq. (10)]
In addition to the exponent η, the behavior of p 2 /p 1 as ω → ∞ depends on the scaling of the quasienergy separation ∆ with λ and ω. We assume the scaling ∆ ∼ λ (λ/ω) α , for α ≥ 0; for example, the case α = 1 corresponds to the size of the direct gap predicted in graphene coupled to a circularly polarized electric field. [6, 24] We additionally allow the driving amplitude to scale with the frequency, λ ∼ ω β , as it does in some physical driven systems. [5, 25] Using these scaling forms, we find that as ω → ∞ the excitation density
so long as the product
Noting that the simultaneous requirement of small λ/ω and large ω restricts β ≤ 1, this criterion reduces to
If this condition is not satisfied, then p 2 /p 1 approaches a nonuniversal constant in the high-frequency limit, and no single Floquet state is fully populated in the steady state. It is important to note that α, and therefore the excitation density, is k-dependent, since the scaling of ∆ with λ/ω varies in momentum space. In particular, for k far away from the value at which the minimal quasienergy separation occurs, ∆ becomes independent of λ and ω. The ω-scaling for this case is obtained by setting α = 0 in Eqs. (13) . For a given α and β (fixed by the physical realization of the system), the above result suggests that the lowenergy behavior of the function g(E) essentially determines whether or not a single Floquet band is occupied in the limit ω ∆. For example, in the case of graphene in a circularly-polarized electric field (α = 1, β = 0), there is a critical value η c = 1 (i.e., ohmic dissipation) that separates the power-law decay of p 2 /p 1 from the aforementioned nonuniversal behavior. Therefore, an ohmic bath already violates Eq. (13c) for graphene in a circularly-polarized electric field, and the population of the bands near the K-point is not controllable by increasing ω if the bath is ohmic.
In cases where the excitation density decays as a power law at large frequencies, one must still take care to determine whether the resulting steady state has the desired characteristics of the topological Floquet bands. As ω increases, the Floquet effective Hamiltonian H eff may approach H 0 as 1/ω or faster. If the power-law decay of p 2 /p 1 is faster than this approach, then the suppression of excitations can still occur in a regime where the Floquet bands are topological. The situation can be improved by allowing a scaling of the amplitude λ ∼ ω β for β = 0, [5] but the value of the exponent β must be balanced against an appropriate value of η [c.f. Eq. (13c)] in order for the desired suppression to take place. Furthermore, it is important to keep in mind that, depending on the exponents α, β, and η, the power law decay of p 2 /p 1 can be very slow, so that a finite density of excitations remains even at high frequencies compared to all system energy scales. In order for excitations to be completely suppressed, one must have
where the frequency-and momentum-dependent effective temperature T eff is defined as
Note that this effective temperature arises even though the bath itself is at zero temperature, and can therefore be understood as a signature of heating effects due to the driving. The sensitive dependence on the exponent η of the large-frequency scaling of the excitation density already demonstrates the crucial role that the bath plays in stabilizing Floquet topological states in open systems. We close by commenting on two additional ways in which the bath and its coupling to the system can be engineered in order to further favor the suppression of p 2 /p 1 .
One way to suppress excitations is to engineer the spectrum of the bath itself so that the function g(E) appearing in Eq. (6a) does not have a simple powerlaw form as in Eq. (7), but instead drops to zero in a neighborhood of E = ∆ 0 − ω, where ∆ 0 := ∆(k 0 ) is some reference value of the quasienergy separation, as in Fig. 2. (Such a scenario could be envisioned if, for example, the bath consists of quantized electromagnetic radiation in a cavity, whose size could be tuned to achieve the desired effect.) If the width of the dip in g(E) is on the order of the width of the upper band, then excitations can be suppressed even if ω is not much larger than ∆. Indeed, if ω > ∆ and λ/ω is sufficiently small that only the first few terms in the sums over m in Eq. (11) this value eliminates the terms with m = 0 up to order (λ/ω) 4 . However, it is important to point out that the excitation density in this case still exhibits at best power-law decay at large frequencies, with appropriate modifications to Eqs. (13) arising from keeping terms other than |m| = 0, 1 in Eq. (11) . To completely eradicate excitations to all orders in λ/ω, one must engineer dips at energies E = ∆ − mω for all m > 0.
Of course, by placing the dip at E = −∆ − ω, one can also use this mechanism to populate what we have referred to as the upper band in this choice of gauge. While this scenario looks like a population inversion, one can of course perform an appropriate transformation of the form (3) to reorder the Floquet bands in such a way that the populated band is the lowest. This example indicates that, in certain cases, the reservoir can "choose" a preferred gauge in which the system appears to be (nearly) at equilibrium.
The system-bath coupling is another quantity that could potentially be manipulated in order to suppress excitations. Indeed, certain system-bath couplings are known to yield relaxation to steady states that feature filled Floquet bands. If H SB is chosen in such a way that P † (t)H SB P (t), where P (t) satisfies Eq. (2) with H(t) = H S (t), is time-independent, then the system described by the total Hamiltonian H(t) defined in Eq. (4) reaches an effective thermal equilibrium with respect to the eigenvalues of H eff . [20, 22, 23, 26] Given sufficient control over the system-bath coupling, one could attempt to engineer such a situation, at least to some order in λ/ω, by designing an H SB that, say, commutes with the lowest nontrivial Fourier harmonic of P (t), or even by engineering an appropriate time dependence in H SB to cancel the time-dependence in P (t) to some order.
In summary, we have argued in this Letter that the possibility of stabilizing a Floquet topological state with a low density of excitations is heavily constrained by the coupling to a thermal reservoir. Using scaling arguments, we demonstrated that, even in the limit of weak driving and/or high frequenscy, the bath density of states has tremendous influence on whether or not excitations are suppressed as ω → ∞. We also suggested ways of designing the bath and its coupling to the system in order to suppress excitations.
Our results suggest that it is at best difficult, and at worst impossible, to engineer a periodically-driven quantum system whose steady state resembles the zerotemperature ground state of some target topological phase. However, even out of equilibrium, there is reason to believe that nontrivial features, such as topological indices, [27] edge states, [9] and (approximately) quantized transport, [11, 28] survive in both isolated and open systems. Indeed, there is already experimental evidence to this effect in cold atomic gases. [25, 29] We emphasize, however, that it is precisely in the deviations from the resemblance to equilibrium systems where the newest physics lies. For example, interacting versions of these models [30] could be used as platforms to probe fractionalized excitations out of equilibrium.
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Note added -During preparation of this manuscript, we became aware of Ref. 14, which also discusses the possibility of stabilizing Floquet topological states with couplings to particular appropriately-engineered baths.
where ρ ij ≡ ρ ij (t) is the time-average of ρ ij (t), and where R ij;kl = R ij;kl (K = 0) (A7b)
are the time-averaged rates. Eq. (A7a) can be further simplified by considering the structure of the averaged density matrix ρ ij . Indeed, at zero temperature, so long as ij = i − j = 0 for i = j, the system-bath coupling γ can be chosen to be much smaller than the smallest ij . In this case, the off-diagonal elements of the steady-state reduced density matrix vanish to order γ 2 (c.f. [12] ), and we recover a rate equation like Eq. (5) in the main text:
where p i = ρ ii and the transition rates
The time-averaging process outlined above spoils the gauge-invariance of Eq. (A1a); after time-averaging, one therefore implicitly commits to a choice of ordering for the quasienergies. Indeed, observe that R ij;kl (K) = 2πγ In particular, R ij;kl (K = 0) = R ij;kl (K = 0) if n ik − n jl = 0. This indicates that the primed version of Eq. (A7a) need not hold given the unprimed version. However, observe that the diagonal rates R ij;ij ≡ R i→j , along with the diagonal density matrix elements ρ ii (t) [c.f. Eq. (A3)]. Therefore, the rate equation (A8) that governs the steady-state populations is gauge invariant, as mentioned in the main text.
